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Random Packs and Their Use in Modeling
Heterogeneous Solid Propellant Combustion

S. Kochevets, J. Buckmaster,† T. L. Jackson,‡ and A. Hegab§

University of Illinois at Urbana–Champaign, Urbana, Illinois 61801

It is shown that random packs of spheres of various sizes can be constructed that model ammonium–perchlorate-
in-binder propellants in the sense that both the size distributions and the packing fractions of industrial propellant
packs can be matched. Strategies for dealing with fractional numbers of large particles are addressed, as are
strategies for dealing with a large number of very � ne particles (� ne powder). Fine powder is necessary in a three-
dimensional pack to achieve the required stoichiometric ratio of ammonium perchlorate to fuel binder, but is not
necessary in a two-dimensional (disk) pack. Some preliminary calculations of the two-dimensional combustion
� eld supported by a disk pack are presented, in which full coupling between the gas phase, the condensed phase,
and the retreating nonplanar propellant surface is accounted for.

Nomenclature
D1;2 = reaction rate constants
d j = mean diameter of particles
E1;2 = activation energies
L = length of a pack edge
N = total number of particles
N j = number of particles in the j th class
n j = number fraction of particles in the j th diameter classs
n1;2 = pressure exponents
Ru = universal gas constant
R1;2 = reaction rates
rb = surface regression rate
T = temperature
V j = volume of particles in the j th class
v j = volume fraction of particles in the j th class
X = mass fraction of ammonium perchlorate (AP)
Y = mass fraction of fuel binder
Z = mass fraction of AP decompositionproducts
´ = surface function
Á = surface location
Ã = level set function de� ning the pack

Subscripts

AP = AP
B = binder
c = condensate

I. Introduction

I T has long been recognized that the burning rate of a heteroge-
neous propellant is in� uenced by the propellantmorphology, by

the size and size distribution of the ammonium perchlorate (AP)
particles. It follows that any serious attempt to simulate propellant
burning numerically must incorporate a packing algorithm, a strat-
egy for de� ning and constructing a model propellant. Lattice (or
crystal) packs are easily de� ned,1 but do not re� ect the random na-
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ture of a true propellant.For this, a random packing algorithmmust
be used, and a suitable one is identi� ed and discussed in Ref. 2.
This algorithm is dynamic in nature and can closely pack spheres
of arbitrary size.

The calculations of Ref. 2 are restricted to bimodal packs, two
sphere sizes, and no serious attempt is made to simulate true pro-
pellants. A good portion of the present paper is concerned with an
examinationof experimentalAP size data, and the use of these data
to de� ne realistic packs with packing fractions (volume percentage
of AP) that closely approximate those of true propellants.

The remainder of the paper describes preliminary � ame calcula-
tions for which the propellant data are de� ned by a random pack.
These calculations incorporate in as simple fashion as possible
the following ingredients:AP decomposition;reaction between the
products of the AP decomposition and the binder gases; unsteady
heat conduction within the solid, allowing for the different me-
chanical and thermal properties of the AP and binder; an unsteady
nonplanar regressing surface; temperature-dependent transport in
the gas phase; and an Oseen approximation in the gas phase, which
bypasses the momentum equation. Our code can incorporate the
momentum equation when desired, but we have not chosen to do so
in the preliminary results,which we presenthere. Further discussion
of this issue, together with � ame calculations for a sandwich pro-
pellant in which a full accountingof the Navier–Stokes equations is
incorporated,may be found in Ref. 3.

II. Packing a Propellant
The industry constructs propellants by mixing a selection of AP

cuts in suitable proportions.Each cut is characterizedby a nominal
size, 200, 50, 20 ¹m, etc., but there is a wide range of sizes within
each cut. It is instructive to examine some true cuts, and here we
show data providedby ThiokolCorporation,courtesyof R. Bennett.

The � rst three columns of Table 1 de� ne experimental histogram
data for a 200 ¹m cut. These data are acquired by passing the AP
througha sequenceof sievesof ever-decreasingmesh diameter (� rst
column). The second column shows the percentage (by volume) of
AP that passes through each sieve. Thus, 100% passes through the
592.0-¹m sieve, that is, there are no particles larger than 592:0 ¹m,
but only 99:96% passes through the 542.9-¹m sieve, so that 0:04%
by volume (third column) of the particles have diameter between
542:9 and 592:0 ¹m. At the other end of Table 1, we see that there
are no particles smaller than 52:33 ¹m, and 0:15% by volume have
diameters between 52:33 and 57:06 ¹m. It is convenient to replace
each diameter interval by its mean so that, for example, 0:04% of
the AP has diameter 567:45 ¹m (fourth column), the mean of 592:0
and 542:9.

The volume fractionscan be converted to number fractions in the
following fashion. Given a portion of AP, suppose that N j of the
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Table 1 Experimental 200- m AP data; f Nj g
are calculated for 3000 particle pack

Channel, Mean No. fraction
¹m % Pass % In channel diameter d j n j N j

592.0a 100 0.04 567.45 0.000011 0.034
542.9a 99.96 0.18 520.35 0.000066 0.198
497.8a 99.78 0.52 477.15 0.000247 0.742
456.5a 99.26 1.27 437.55 0.000784 2.351
418.6 97.99 2.64 401.25 0.00211 6.337
383.9 95.35 4.33 367.95 0.00449 13.479
352.0 91.02 6.50 337.4 0.00875 26.242
322.8 84.52 8.26 309.4 0.01442 43.245
296.0 76.26 9.59 283.7 0.02171 65.127
271.4 66.67 10.15 260.65 0.02963 88.882
249.9 56.52 9.87 239.05 0.03735 112.040
228.2 46.65 9.19 218.75 0.04538 136.142
209.3 37.46 8.13 200.6 0.05206 156.178
191.9 29.33 6.93 183.95 0.05755 172.645
176.0 22.40 5.61 168.7 0.06040 181.192
161.4 16.79 4.41 154.7 0.06157 184.709
148.0 12.38 3.31 141.85 0.05994 179.830
135.7 9.07 2.44 130.1 0.05727 171.822
124.5 6.63 1.79 119.3 0.05449 163.476
114.1 4.84 1.31 109.4 0.05172 155.146
104.7 3.53 0.95 100.33 0.04862 145.865
95.96 2.58 0.71 91.98 0.04716 141.481
88.00 1.87 0.53 84.35 0.04565 136.944
80.70 1.34 0.41 77.35 0.04579 137.380
74.00 0.93 0.31 70.93 0.04490 134.708
67.86 0.62 0.25 65.045 0.04696 140.870
62.23 0.37 0.22 59.645 0.05359 160.776
57.06 0.15 0.15 54.695 0.04739 142.157
52.33 0.00 0.00 —— —— ——
aDiameter classes that are consolidated.

particles have diameter d j , j 1; M . The volume of these particles
is

V j .¼=6/d3
j N j (1)

and the total volume is

V
¼

6

M

i 1

d3
i Ni (2)

Then the volume fraction of the class j is

v j

d3
j N j

M
i 1 d3

i Ni

(3a)

that is,

v j

M

i 1

di
3 Ni d j

3 N j ; j 1; M (3b)

With the volume fractions de� ned by the third column, Eqs. (3b)
de� ne a linear homogeneous system, which can be solved for the
number fractions

n j
N j

M

i 1
Ni

(4)

shown in the � fth column.
There are a number of ways in which these data can be used to

de� ne a pack, and we shall now describe one such procedure.First,
the number of particles in the pack is assigned. At the present time,
because of limitations inherent in the code, this number is best kept
below10,000when runningon a one-processormachine. Then each
n j can be converted to an N j , and in this way a table with the values
of d j and N j is de� ned.

It is typically the case that the � rst entries N1 , N2, etc., are signif-
icantly less than 1, and so it is necessary to consolidate the large di-
ameter data.There is a certainarbitrarinessin how thisconsolidation
is done, but for the 200-¹m data, the � rst four classes with diame-
ters 567:45, 520:35, 477:15, and 437:55 ¹m havebeen consolidated
into a single class of diameter 454:25 ¹m, the volume-weightedav-
erage. There are 3.325 particles in this class, the sum of N1 , N2, N3,

Fig. 1 Slices through a
200- m cut, packing den-
sity 0.6559; slices at z = ++1
and ¡ 1 are equal.

Fig. 2 Volume fraction (++), number fraction ( ), and partial volume
fraction ( £ £ ) as a function of particle diameter for the 200- m data.

and N4 , de� ned for 3000 particles. Additional consolidations are
necessary, in general, but not for this example.

When the N j are rounded off to integer values, the set d j ; N j

de� nes data for a pack. (Roundoff reduces the numberof particlesto
2998.) Slices through such a pack within a cube of side 2 are shown
in Fig. 1, and the packing fraction is 0.6559, a value not much
greater than the 0.625 achieved for a monomodal pack.2 The pack
is calculated in a nondimensional context, and to attach a physical
value to the length L of a cube edge we can use the formula

¼

6

N

i 1

Ni d
3
i .0:6559/L3 (5)

The packing fractionachievedhere for the 200-¹m data is signif-
icantly less than the value required for a stoichiometric AP/binder
mix ( 0:78), a re� ection of the cleanness of the cut, the limited
volume of small particles. Figure 2 shows volume fraction, number
fraction (after consolidation), and the partial volume fraction

´ j

j

i 1

vi ; .´N 1/ (6)

as a function of particle diameter.
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Table 2 Experimental 20- m AP data

Channel, Mean No. fraction
¹m % Pass % In channel diameter d j n j

176.0 100 0.18 168.7 0.000000024
161.4 99.82 0.26 154.7 0.000000044
148.0 99.56 0.25 141.85 0.000000055
135.7 99.31 0.27 130.1 0.000000077
124.5 99.04 0.30 119.3 0.000000111
114.1 98.74 0.35 109.4 0.000000169
104.7 98.39 0.41 100.33 0.000000256
95.96 97.98 0.48 91.98 0.000000389
88.00 97.50 0.59 84.35 0.000000620
80.70 96.91 0.71 77.35 0.000000968
74.00 96.20 0.87 70.93 0.000001538
67.86 95.33 1.06 65.045 0.000002430
62.23 94.27 1.27 59.645 0.000003776
57.06 93.00 1.49 54.695 0.000005745
52.33 91.51 1.73 50.155 0.000008651
47.98 89.78 1.97 45.990 0.000012777
44.00 87.81 2.19 42.175 0.000018418
40.35 85.62 2.39 38.675 0.000026065
37.00 83.23 2.57 35.465 0.000036
33.93 80.66 2.73 32.52 0.000050
31.11 77.93 2.84 29.82 0.000068
28.53 75.09 2.93 27.345 0.000090
26.16 72.16 2.99 25.075 0.000120
23.99 69.17 3.04 22.995 0.000158
22.00 66.13 3.06 21.085 0.000206
20.17 63.07 3.08 19.335 0.000269
18.50 59.99 3.08 17.73 0.000349
16.96 56.91 3.06 16.26 0.000449
15.56 53.85 3.00 14.915 0.000570
14.27 50.85 2.87 13.675 0.000708
13.08 47.98 2.85 12.54 0.000912
12.00 45.13 2.67 11.5 0.00111
11.00 42.46 2.55 10.545 0.00137
10.09 39.91 2.43 9.67 0.00170
9.250 37.48 2.34 8.866 0.00212
8.482 35.14 2.27 8.13 0.00267
7.778 32.87 2.24 7.455 0.00341
7.133 30.63 2.22 6.837 0.00438
6.541 28.41 2.23 6.27 0.00571
5.998 26.18 2.24 5.749 0.00744
5.500 23.94 2.26 5.272 0.00973
5.044 21.68 2.27 4.835 0.01267
4.625 19.41 2.26 4.433 0.01637
4.241 17.15 2.25 4.065 0.02113
3.889 14.90 2.22 3.728 0.02704
3.566 12.68 2.13 3.418 0.03365
3.270 10.55 1.98 3.135 0.04056
2.999 8.57 1.77 2.875 0.04702
2.750 6.80 1.50 2.636 0.05167
2.522 5.30 1.23 2.417 0.05496
2.312 4.07 0.95 2.216 0.05504
2.121 3.12 0.73 2.033 0.05481
1.945 2.39 0.55 1.864 0.05358
1.783 1.84 0.43 1.709 0.05435
1.635 1.41 0.34 1.567 0.05575
1.499 1.07 0.28 1.437 0.05953
1.375 0.79 0.24 1.318 0.06613
1.261 0.55 0.21 1.208 0.07506
1.156 0.34 0.20 1.108 0.09276
1.060 0.14 0.14 1.016 0.08422
0.972 0.00 0.00 —— ——

When we apply the strategydescribedto the 20-¹m cut in Table 2,
a new dif� culty emerges. The cut is dirty and contains a large num-
ber of small particles so that when N is assigneda reasonablevalue,
a number of large bands of large-diameter classes have to be con-
solidated to ensure that there is at least one particle in each con-
solidation. When consolidation is necessary over a large range of
diameters, the result is not reasonablyrepresentativeof the true cut.
One solution is to modify the cut by discarding all particles smaller
than some speci� ed cutoff diameter.

Thus, consider the 20-¹m data and discard all particles smaller
than 2 ¹m, totaling a volume fraction of 0.0239. The packing frac-

Table 3 Packing data 20- m AP

d j N j

43.553 1.103
28.457 1.033
23.937 1.814
21.085 1.347
19.335 1.759
17.730 2.281
16.260 2.938
14.915 3.731
13.675 4.632
12.540 5.965
11.500 7.245
10.545 8.975
9.670 11.091
8.866 13.857
8.130 17.433
7.455 22.307
6.837 28.667
6.269 37.345
5.749 48.652
5.272 63.652
4.835 82.908
4.433 107.064
4.065 138.238
3.727 176.900
3.418 220.135
3.135 265.330
2.875 307.548
2.636 337.973
2.417 359.502
2.216 360.037
2.033 358.540

tion for this modi� ed cut will be smaller than the packing fraction
for the true cut. With the choice N 3000, the followingclasses are
consolidated:

.176:0 33:93/; .31:11 28:53/; .26:16 22:00/

This leads to the set of values d j ; N j in Table 3.
Note that over 1000 particleshave diameter d j 2:417 (the three

smallest classes), whereas the three smallest classes for the 200-¹m
cut sum to fewer than 450.

The corresponding pack (after roundoff, for 3001 particles) is
shown in Fig. 3, and the packing fraction is 0.77788.In otherwords,
the 20-¹m cut alone can be the basis for a stoichiometric mix.
Figure 4 showsplots of volume fraction,numberfraction,andpartial
volume fraction, and should be compared with the 200-¹m data of
Fig. 2.

Table 4 shows the true data for a 50-¹m cut, and Table 5 shows
the values of d j ; N j for 3000 particles with a 5-¹m cutoff (vol-
ume fractiondiscarded 0:091,volumefractionkept 0:909). The
following classes have been consolidated:

.418:6 95:96/; .88:0 80:70/; .74:00 67:86/

The pack, shown in Fig. 5, de� nes a packing fraction of 0.7887.
Figure 6 shows variations in volume fraction,packing fraction, and
partial volume fraction.

Here the modi� ed cut differs signi� cantly from the true cut be-
cause 9.1% of the volume has been discarded, all of it � ne powder.
This could conceivably affect the burning rate but not necessarily,
because a great deal of � ne powder has been retained; over 1000
particles have d j 5:749 and belong to the two smallest classes.
One possible strategy for accounting for all of the � ne powder starts
with the construction of a partial pack from the modi� ed cut. The
packing algorithm de� nes a dynamic process in which the packing
fraction starts at 0 and grows with time until it reaches a maxi-
mum; partial pack is achieved when this process is cut off pre-
maturely.2

Let us suppose that, using the modi� ed cut, we constructa partial
pack with packing fraction x . To this we add .0:091=0:909/x of
� ne powder uniformly dispersed in the binder (homogenized) so
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Fig. 3 Slices through
a 20- m pack, packing
density 0.77788.

Fig. 4 Volume fraction (++), number fraction ( ), and partial volume
fraction ( £ £ ) as a function of particle diameter for the 20- m data.

that the total volume fraction of AP is 1:1x. If we require this to be
0.78, it follows that x must be 0.71. The pack is then composed of a
fraction0.71 of discreteAP particlesof known size and locationand
a fraction0.07 of � ne AP blended with a fraction 0.22 of binder as a
homogeneousmixture. (Note that there will be a minimum AP size
that canbe resolvedby thecombustioncodeonce the largestparticles
are assigned,and it is quite likely that some of the discrete particles
will also have to be homogenized to satisfy this constraint.) We can
reasonably expect that there will be room for the � ne powder in the
interstitial space between the discrete particles because we know
that the desired packing fraction can be achieved without use of the
powder.

As a � nal example of the use of this strategy,we consider propel-
lant mixes de� ned by Miller,4 startingwith what he calls SD-III-88-
24, which consists of 31.58% (by weight) of a 200-¹m cut, 42.11%
of a 50-¹m cut, and 13.68% of a 20-¹m cut, for a total of 87.4% by
weight of AP, equivalent to a volume fraction of 0.766. We do not
know the details of the cuts used by Miller, and so we shall use the
Thiokol data.

Table 4 Experimental 50- m AP data

Channel, ¹m % Pass % In channel

418.6 100 0.03
383.9 99.97 0.07
352.0 99.90 0.17
322.8 99.73 0.24
296.0 99.49 0.29
271.4 99.20 0.35
249.9 98.85 0.44
228.2 98.41 0.56
209.3 97.85 0.71
191.9 97.14 0.90
176.0 96.24 1.13
161.4 95.11 1.40
148.0 93.71 1.72
135.7 91.99 2.05
124.5 89.94 2.39
114.1 87.55 2.71
104.7 84.84 3.02
95.96 81.82 3.26
88.00 78.56 3.41
80.70 75.15 3.48
74.00 71.67 3.48
67.86 68.19 3.44
62.23 64.75 3.34
57.06 61.41 3.21
52.33 58.20 3.06
47.98 55.14 2.92
44.00 52.22 2.77
40.35 49.45 2.62
37.00 46.83 2.47
33.93 44.36 2.31
31.11 42.05 2.24
28.53 39.81 2.10
26.16 37.71 2.01
23.99 35.70 1.93
22.00 33.77 1.87
20.17 31.90 1.81
18.50 30.09 1.81
16.96 28.28 1.75
15.56 26.53 1.70
14.27 24.83 1.65
13.08 23.18 1.58
12.00 21.60 1.52
11.00 20.08 1.44
10.09 18.64 1.37
9.250 17.27 1.30
8.482 15.97 1.25
7.778 14.72 1.20
7.133 13.52 1.16
6.541 12.36 1.12
5.998 11.24 1.09
5.500 10.15 1.05
5.044 9.10 1.02
4.625 8.08 0.98
4.241 7.10 0.95
3.889 6.15 0.91
3.566 5.24 0.85
3.270 4.39 0.79
2.999 3.60 0.70
2.750 2.90 0.61
2.522 2.29 0.52
2.312 1.77 0.42
2.121 1.35 0.35
1.945 1.00 0.28
1.783 0.72 0.24
1.635 0.48 0.21
1.499 0.27 0.16
1.375 0.11 0.08
1.261 0.03 0.03
1.156 0.00 0.00
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Table 5 Packing data 50- m AP

d j N j

117.640 1.102
80.513 1.104
67.750 1.861
59.645 1.317
54.695 1.641
50.155 2.029
45.990 2.511
42.175 3.089
38.675 3.789
35.465 4.632
32.520 5.619
29.820 7.066
27.345 8.591
25.075 10.665
22.995 13.278
21.085 16.687
19.335 20.947
17.730 27.166
16.260 34.052
14.915 42.860
13.675 53.972
12.540 67.024
11.500 83.602
10.545 102.729
9.670 126.739
8.866 156.037
8.130 194.584
7.455 242.225
6.837 303.620
6.269 380.179
5.749 479.864
5.272 599.421

Fig. 5 Slices through a
50- m pack, packing den-
sity 0.7887.

With N 10,000, all particlessmaller than 5¹ are discarded,and
then the three modi� ed cuts are mixed according to the fractions
speci� ed by Miller.4 None of the 200-¹m cut is discarded, a frac-
tion 0.091 of the 50-¹m cut is discarded, and a fraction 0.2168 of
the 20-¹m cut is discarded. These are equivalent, for the mixture,
to discarding a fraction 0.0839. Packing data (rounded off, with
N 9999) are shown in Table 6, and a packing realizationis shown
in Fig. 7, which de� nes a packing fraction of 0.7698.

We have also constructed 10,000 particle packs of SD-III-88-19
(31.58% of 200 ¹m, 55.79% of 20 ¹m) and SD-III-88-23 (42.11%

Table 6 Data (rounded) for blend
corresponding to SD-III-88-24 of Miller4

d j N j

211.004 1
126.505 1
88.991 1
87.751 2
77.350 1
75.023 1
70.930 2
65.045 2
59.645 3
54.695 3
52.062 1
50.155 4
45.990 6
42.175 8
38.675 10
35.465 12
32.520 16
29.820 20
27.345 25
25.075 32
22.995 41
21.085 52
19.335 66
17.730 86
16.260 109
14.915 138
13.675 172
12.540 217
11.500 268
10.545 330
9.670 408
8.866 505
8.130 632
7.455 796
6.837 1008
6.269 1284
5.749 1642
5.272 2094

Fig. 6 Volume fraction (++), number fraction ( ), and partial volume
fraction ( £ £ ) as a function of particle diameter for the 50- m data.

of 200 ¹m, 31.58% of 50 ¹m, 13.68% of 20 ¹m) each having
an experimental volume fraction of 0.766. The numerical values
are 0.7674 and 0.7900. In each case a signi� cant fraction of small
particlesis discarded.For example, forSD-III-88-23,0.091 (volume
measure) of the 50-¹m cut is discarded,0.2168of the 20-¹m cut, so
that the total volume fraction discarded is 0.0737. If we assume that
all of thisdiscardcouldbehomogenizedinto the binder,the modi� ed
pack would have an AP volume fraction of 0.85 rather than 0.79.
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Fig. 7 Slices through a
Miller4 SD-III-88-24 pack,
packing density 0.7698.

III. Random Selection Strategy
In this section we describe an alternative strategy for de� ning a

pack using the experimentaldata. The packing algorithm is random
in nature, in the sense that the inital locations of the particle centers
are randomly assigned. What is shown in Figs. 1, 3, 5, and 7 are
singlerealizations,and differentinitialdata wouldgeneratedifferent
realizations.(Provided N is suf� ciently large, as here, the variations
in packing fraction between one realization and another are small.)
A randomstrategycan also be used to convert the experimentaldata
into packing data.

Consider the set d j ; n j for one of the cuts, for example, (fourth
and � fth columns of Table 1). If the n j are multiplied by a
suf� ciently large number, they can all be converted to integer val-
ues, and in principle, we could use these values to de� ne a pack.
In practice, however, the number of particles so de� ned, M; is too
large to handle computationally.However, we can reduce the num-
ber by random sampling. A counting integer is assigned to each
particle so that particles .1; 2; : : : ; i1 1/ have diameter d1, parti-
cles .i1; i1 1; : : : ; i2 1/ have diameter d2 , etc., and in this way
the total of M particles are numbered. A single integer is then ran-
domly chosen from the set of integers, thus selecting a particle, and
this is repeated N times, where N is the number of particles to be
used in the pack. If this entire process were repeateda large number
of times, the number fraction for each diameter averaged over all
realizations would be that for the entire set of particles. Provided
N is suf� ciently large, each realizationwill be representativeof the
true pack. Moreover, variationsbetween each realization, a cube of
propellant,will correspond to variationsbetween random cubes cut
from the true pack.

In the earlier strategy, averagingis carried out (via consolidation)
before the packing data is de� ned, and the stochastic ingredients
are introduced only when packs are created from that data. In the
presentstrategya stochastic ingredientis introducedin the selection
of the data.

We present results for the 20-¹m experimentaldata shown in Ta-
ble 2, but discardparticles smaller than 3 ¹m (with volume fraction
0.0857). We take 10,000 particles, randomly chosen by the strat-
egy described earlier. The random sequence is de� ned by using a
random number generator parameter (randseed). Calculations are
carried out for four different random sequences, and Fig. 8 shows
number fraction/particle diameter scatter plots for three of these.
There are differences for the larger diameters and, in general, as
other calculations that we have carried out, not reported here, make
clear, the smaller the number of particles in the pack, the smaller

Fig. 8 Number fraction as a function of particle diameter for the
20- m data, random selection strategy: , randseed = 0; ¤,
randseed = 1; M, randseed = 3; and – – – , least-squares � t.

Fig. 9 Slices through the
20- m pack de� ned by the
random selection method,
randseed = 0.

the diameters for which these differencesare � rst apparent. A least-
squares � t to these data is

log.n j / 1:6194 2:8041 log.D j /

(naturallogarithms), which suggestsanobviousstrategyforde� ning
a single representativepack.

The target packing density is 0.77, and the code is stopped if this
valueis reached.Then the achievedpackingfractionscorresponding
to randseed 0, 1, 2 are 0.7702, 0.7464, 0.7426. The fourth seed
yields a packing fraction of 0.7702. The differences in these results
appear to be linked to the different distributions of large particles.
The � rst pack has one 71-¹m particle, two 60-¹m particles, one
50-¹m particle, etc.; the fourth pack has one 92-¹m particle, one
50-¹m particle, etc. On the other hand, the second and third packs
each have one 46-¹m particle, and no larger ones. This serves to
reinforcetheobviousfact that the manner in which the largeparticles
should be represented is a delicate one when there are few large
particles in the pack, and a certain resolution can only be achieved
if large (100,000 or more particles) packs are considered.

Slices through packs 1 and 2 (randseed 0, 1) are shown in
Figs. 9 and 10.
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Fig. 10 Slices through
the 20- m pack de� ned
by the random selection
method, randseed = 1.

Fig. 11 Reaction-rate contours at two times.

IV. Combustion Field
Packing algorithms have a number of applications, but our con-

cern is to generate physically meaningful data that can be used in
propellant � ame calculations. It is not our purpose to discuss in de-
tail such calculations,but rather to put some purpose to the abstract
structures discussed here. To this end we have performed prelimi-
nary � ame calculationsfor a two-dimensionalpropellant,one where
the AP particles are represented by disks rather than spheres. We
consider a binary pack (diameters 189.8 and 47:45 ¹m) and the na-
ture of the pack is partly apparent from Figs. 11 and 12. The packing
fraction is 0.803, despite the lack of � ne powder, a consequenceof
the two-dimensionalnature: A circle inscribed in a square occupies
a fraction ¼=4 of the square, whereas a sphere inscribed in a cube
occupies but a fraction ¼=6 of the cube.

To describe the physics within the solid (condensed phase) it is
convenient to use a level-set function Ã.x; y/ so that a point .x; y/
lies in the AP if Ã 0 and in the binder if Ã < 0. Then we solve the
heat equation

½c
@T

@t

¸c

Cp

2T (7)

where ½c and ¸c are assigned appropriate values according to the
sign of Ã . For convenience,the valueof the speci� c heat is set equal
to Cp (constant) for the gas.

Fig. 12 Surface positions at equal time intervals.

In the gas we account for two reactions,

X
R1 Z ; ¯ Z Y

R2
� nal products

with the � rst correspondingto AP decompositionand the second to
reaction between the decomposition products and the binder. Here
¯ de� nes the overall stoichiometry, the mass of AP that combines
stoichiometricallywith a unit mass of binder. If we assume that the
pack is stoichiometricand that the AP density is 1.95 g/cm3 and the
binder density 0.92 g/cm3, then ¯ 8:64.

The governing equations in the gas are, in principle, the familiar
ones; it need only be noted that temperature-dependent transport is
accounted for, but the three Lewis numbers are set equal to 1. We
write “in principle,” however, because an Oseen approximation re-
duces the computationalburden and yet has been proven accurate in
calculations that we have done for periodic sandwich propellants.3

In this approximation, the momentum equation is discarded, and
the � ow is replaced by a parallel shear � ow in the y direction (y is
measured perpendicularto the � at unburnt propellant surface). The
magnitude of this � ow (x dependent) is consistent with mass con-
servation at the propellant surface. As the shape of the surface and
the local regression rate � uctuate, the magnitude of the � ow � uc-
tuates, � uctuations that are felt instantaneously for all y. This is
consistent with the assumption that the gas phase is quasi steady
because as the timescale is controlled by the physics within the
solid.

The third numerical ingredient is concerned with the surface re-
gression. We assume that the surface can be characterized by a
single-valued function Á.x; t/, namely,

´ y Á.x; t/ 0 (8)

Then the function ´ satis� es the equation

@´

@t
rb ´ 0 (9)

whererb is the local regressionrate (the speedwith which the surface
moves in the normal direction), de� ned by simply pyrolysis laws,
namely,

rb

rAP AAP exp E AP =RuTAP;s Ã 0

rB AB exp EB=RuTB;s Ã < 0
(10)

Equations (7) and (9) are solved simultaneously with the gas-
phase equations,with appropriate connection conditions at the sur-
face.These conditionsallowfor exothermic/endothermicprocesses,
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a)

b)

c)

d)

Fig. 13 Surface properties of the burning propellant.

as conventionallydiscussed.The variable ´.x; y; t/ is used in place
of y in the � eld equations in both the solid and the gas, � xing the
surface at ´ 0.

Plausible choices are made for the various parameter values (see
Ref. 3), and we shall con� ne our remarks here to the gas-phase
kinetic parameters. The reaction rates are assumed to have the form

R1 D1 Pn1 X exp E1=RuT

R2 D2 Pn2 ZY exp E2=RuT (11)

The six parameters here are chosen to satisfy experimental data
(regression rate and temperature sensitivity) for pure AP burning,5

and the burning of an in� nitesimally � ne blend of AP in binder,6

both one-dimensionalcombustion � elds. Details are given in Ref. 7
and yield the results

E1=Ru 8000 K; E2=Ru 11000 K

D1 1:3718 104 g/cm 3 s 1 bar n1 ; n1 1:7

D2 3:6768 104 g/cm 3 s 1 bar n2 ; n2 1:8

At 20 atm, pure AP burns at 0.28 cm/s, and a � ne AP/binder
blend burns at 1.1 cm/s. The average burning rate for the pack is

0.69 cm/s, an intermediate value. Figure 11 shows reaction rate
contoursat two different times, as the pack burns through, and gives
some indicationof thecomplexityof thecombustion� eld.Figure 12
shows the surface locationat equallyspaced time intervals;there is a
clear tendencyfor the surface to move more rapidly through regions
where the small AP particles are clusteredthan throughthe large AP
particles. Figure 13 shows variations in various surface quantities
as a square of propellent is consumed (overall the propellant is
represented by a periodic array of randomly packed squares, and
the total time interval shown here is essentially one period).

Figure 13a shows variations in the surface area, roughly 10%
greater than that of a � at surface. Figure 13b shows variations in
the integrated normal mass � ux through the surface. The average
density of the pack is 1.747 g/cm3 so that an average regression rate
of 0.69 cm/s corresponds to an average mass � ux of 1.205 g/cm3 s.
Figure 13d shows variationsin the maximum burning rate, and there

are notable excursionsabove that mean. These excursionsvary over
time intervals of just a few milliseconds.

Perhaps of greatest interest is Fig. 13c. This shows the surface
integrated � ux of fuel divided by the surface integrated � ux of AP,
normalized by the stoichiometric proportion of these � uxes. It can
be called the integrated � ux-based equivalence ratio. Excursions
above 2 and below 1

2 occur, so that at times the gases being swept
away from the surface are strongly fuel rich on average, at other
times strongly fuel lean.

V. Concluding Remarks
In this paper we have examined how spheres of various sizes can

be packed to generate models of propellantmorphology that can be
used in combustion calculations. We have examined the problem
in some detail and used a signi� cant amount of industrial data to
demonstratethat realisticpackingfractionscan be achievedbecause
we believe that the strategy will become a standard for the study of
propellant burning.

To givesome insightsinto the kindsof questionsthat can be exam-
ined once a model propellanthas been constructed,we present some
preliminary results for the burningof a two-dimensionalpropellant.
Three-dimensional calculations are possible in a parallel comput-
ing environment,and we expect to reporton such calculationsin the
future. We also expect to explore a variety of fundamentalquestions
long discussed by the propellant community using intuitive argu-
ments and/or one-dimensionalmodels. These include the effects of
pressure and time-dependent pressure � uctuations on the burning
rate, the effects of velocity disturbancesoriginating in the chamber
� ow, the effects of AP size and size distribution, and the effects of
stoichiometry.In additionwe expect to explore the manner in which
the strong surface � uctuations that we have identi� ed in Fig. 13
could effect the nature of the turbulent � eld within the chamber and
how such � uctuationsmight interactwith acousticwaves within the
chamber. At the same time, we expect to increase the complexity
of the model, including, for example, aluminum combustion and
radiation effects.

Acknowledgments
This work was supported by the U.S. Department of Energy

through the University of California under Subcontract B341494.



KOCHEVETS ET AL. 891

J. Buckmaster is also supported by the Air Force Of� ce of Scien-
ti� c Research. The authors are indebted to R. Bennett of Thiokol
Corporation for suppling the experimentalpacking data used in this
paper.

References
1Jackson, T. L., Buckmaster, J., and Hoe� inger, J., “Three-Dimensional

Flames Supported by Heterogeneous Propellants,” Proceedings of the Com-
bustion Institute, Vol. 28, 2000, pp. 895–902.

2Knott, G. M., Jackson, T. L., and Buckmaster, J., “The Random Pack-
ing of Heterogeneous Propellants,” AIAA Journal, Vol. 39, No. 4, pp. 678–

686.
3Hegab, A., Jackson, T. L.,Buckmaster, J., and Stewart, D. S., “Nonsteady

BurningofPeriodic sandwich Propellantswith Complete CouplingBetween

the Solid and Gas Phases,” Combustion and Flame, Vol. 125, Nos. 1/2, pp.
1055–1070.

4Miller, R. R., “Effects of Particle Size on Reduced Smoke Propellant
Ballistics,” AIAA Paper 82-1096, June 1982.

5Beckstead, M. W., Tanaka, M., Jing, Q., and Jeppson, M. B., “An Ammo-
nium Perchlorate Model Based on a Detailed Mechanism,” 33rd JANNAF
Combustion Meeting, CPIA Publ. 638, Chemical Propulsion Information
Agency, Laurel, MD, 1996, pp. 41–46.

6Jeppson, M. B., Beckstead, M. W., and Jing, Q., “A Kinetic Model for
the Premixed Combustion of a Fine AP/HTPB Composite Propellant,” 35th
JANNAF Combustion Meeting, CPIA Publ. 680, Chemical Propulsion In-
formation Agency, Laurel, MD, 1998, pp. 639–654.

7Buckmaster, J., Jackson, T. L., Hegab, A., and Kochevets, S., “Modeling
Propellants and Modeling Propellant Flames,” 37th JANNAF Combustion
Meeting, 2000.


